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 1 

Bi-Gaussianized calibration revisited:  2 

Reducing the potential for overstating strength of evidence 3 

 4 

Abstract: 5 

If a forensic-evaluation system is well calibrated, the likelihood ratio of the likelihood 6 

ratio is the likelihood ratio. A perfectly calibrated bi-Gaussian system is a system for 7 

which the distributions of the natural logarithms of the likelihood ratios that the system 8 

outputs in response to different-source and same-source inputs are both Gaussian, both 9 

have the same variance, and their means are at minus half a variance and plus half a 10 

variance, respectively. Morrison (2024) https://doi.org/10.1093/lpr/mgae004 11 

introduced bi-Gaussianized calibration which monotonically (but non-linearly) maps 12 

the distribution of uncalibrated log likelihood ratios toward the Gaussian-mixture 13 

distribution of a perfectly calibrated bi-Gaussian system. Bi-Gaussianized calibration 14 

requires the determination of the variance of the perfectly calibrated bi-Gaussian 15 

system toward which to map the uncalibrated log likelihood ratios. The methods used 16 

in Morrison (2024) for determining the target variance had several shortcomings, 17 

including having a positive bias: they tended to overestimate the value of the variance. 18 

This resulted in a tendency to overstate the strength of evidence: the calibrated log 19 

likelihood ratios tended to be further from the neutral value of zero than they should 20 

be. The present paper tests methods that are expected to overcome the shortcomings of 21 

the earlier methods. The new methods include recalculation of equal-error rate using 22 

the expected value of the posterior distribution of a beta-binomial model with uniform 23 

priors. As the amount of training data decreases and/or the separation between the 24 

different-source and same-source distributions increases, the beta-binomial method 25 

increases the value of the equal-error rate, which reduces the value of the target 26 

variance. This shrinks the calibrated log-likelihood-ratio values toward the neutral 27 
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value of zero and reduces the probability of overstating the strength of evidence. 28 

Another new method compresses the empirical-cumulative-probability-density 29 

function for the training data and thereby further compresses the calibrated log-30 

likelihood-ratio values toward the neutral value of zero. 31 

 32 

Keywords: 33 

Beta-binomial model; Calibration; Compression; Likelihood ratio; Shrinkage 34 

 35 

1. Introduction 36 

The values output by a forensic-evaluation system should be well calibrated. If they 37 

are not, they are not interpretable as likelihood ratios (Vergeer et al., 2020). If a 38 

forensic-evaluation system is well calibrated, the likelihood ratios of the likelihood-39 

ratio values that it outputs will be the same as the likelihood-ratio values that it outputs. 40 

“That is, the likelihood ratio of the likelihood ratio is the likelihood ratio.” (Birdsall, 41 

1973, p. 18). This can be expressed formulaically as in Equation (1), in which Λ is a 42 

likelihood ratio, 𝑓 is a probability-density function, and 𝐻s and 𝐻d are the same-43 

source and different-source hypotheses, respectively. 44 

(1) Λ =
𝑓(Λ|𝐻s)

𝑓(Λ|𝐻d)
 45 

A perfectly calibrated bi-Gaussian system is a system that has the following properties: 46 

The distribution of the natural logarithms of the likelihood ratios that the system 47 

outputs in response to different-source input pairs and the distribution of the natural 48 

logarithms of the likelihood ratios that it outputs in response to same-source input pairs 49 

are both Gaussian and both have the same standard deviation, ln(Λd)~𝒩(𝜇d, 𝜎) and 50 

ln(Λs)~𝒩(𝜇s, 𝜎), and the means of the different-source and same-source distributions 51 
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are 𝜇d = −
𝜎2

2
 and 𝜇s = +

𝜎2

2
, respectively (Peterson et al., 1954, §4.3, §4.9; Birdsall, 52 

1973, §1.3; Good 1985, §6; van Leeuwen & Brümmer, 2013; Morrison, 2021; 53 

Morrison 2024); see Equation (2), in which 𝑓(𝑥|𝜇, 𝜎)  is a univariate Gaussian 54 

probability-density function.1 Figure 1 shows examples of ln(Λ) distributions and 55 

corresponding Tippett plots for perfectly calibrated bi-Gaussian systems with 𝜎 ∈56 

{1,2,3,4}.2 57 

(2) Λ =
𝑓(ln(Λ)|+

𝜎2

2
, 𝜎)

𝑓(ln(Λ)|−
𝜎2

2
, 𝜎)

 58 

 59 

 
1 For a perfectly calibrated bi-Gaussian system, 𝑑′ = 𝜎. 

2 Throughout the paper, we use “ln(Λ)” when referring to calibrated natural-log likelihood ratios, and we use “log(Λ)”, 

without specifying the base for the logarithm, when referring to uncalibrated log likelihood ratios. For uncalibrated log(Λ), 

the base of the logarithm is not relevant since different bases simply result in different linear scaling in the logarithmic 

space and differences in linear scaling of uncalibrated log(Λ) have no effect on the output of calibration. When drawing 

Tippett plots, we scale the x-axis using base-ten logarithms, “log10(Λ)”. 
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Figure 1.  Left column: Different-source and same-source distributions of perfectly calibrated bi-60 

Gaussian systems with 𝜎 ∈ {1,2,3,4}. Right column: Tippett plots corresponding to the distributions 61 

in the left column.  62 

 63 

Morrison (2024) introduced bi-Gaussianized calibration, a calibration method that 64 

monotonically (but non-linearly) maps the distribution of uncalibrated log(Λ) 65 

(irrespective of same-source and different-source labels) toward the Gaussian-mixture 66 

distribution of a perfectly calibrated bi-Gaussian system. Morrison (2024) 67 
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demonstrated that bi-Gaussianized calibration can produce results that are closer to 68 

perfect calibration than the output of logistic-regression calibration (Brümmer & du 69 

Preez, 2006; González-Rodríguez et al. 2007; Morrison, 2013) and of calibration via 70 

the pool-adjacent-violators (PAV) algorithm (Ayer et al., 1955; Zadrozny & Elkan, 71 

2002; Brümmer & du Preez, 2006; Ramos et al., 2017).  72 

In order to perform bi-Gaussianized calibration, one must determine the particular 73 

perfectly calibrated bi-Gaussian system toward which to map the uncalibrated log(Λ), 74 

i.e., one must determine the target value for 𝜎. For a perfectly calibrated bi-Gaussian 75 

system, there is a one-to-one mapping between its 𝜎 and its equal-error rate (𝐸=), and 76 

there is a one-to-one mapping between its 𝜎 and its log-likelihood-ratio cost (𝐶llr; 77 

Brümmer & du Preez, 2006). Thus, for a perfectly calibrated bi-Gaussian system, there 78 

is also a one-to-one mapping between its 𝐸= and its 𝐶llr. Table 1 gives the 𝐸= values 79 

and 𝐶llr  values for perfectly calibrated bi-Gaussian systems with 𝜎 ∈80 

{0,1,2,3,4,5,6, ∞}. 81 

Table 1. 𝐸=  values and 𝐶llr  values for perfectly calibrated bi-Gaussian systems with 𝜎 ∈82 

{0,1,2,3,4,5,6, ∞}. 83 

𝝈  𝑬= 𝑪𝐥𝐥𝐫 

0 0.5 1 

1 0.309 0.839 

2 0.159 0.514 

3 0.067 0.240 

4 0.023 0.087 

5 0.006 0.025 

6 0.001 0.006 

∞ 0 0 

 84 

There is an analytical solution for the 𝐸=-to-𝜎 mapping function: see Equation (3), in 85 
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which 𝐹−1 is the inverse cumulative probability function for a univariate standard 86 

Gaussian distribution (𝜇 = 0, 𝜎 = 1). See Morrison (2024) for the derivation of this 87 

equation. Figure 2a shows a plot of the function. 88 

(3) 𝜎 = −2𝐹−1(𝐸=)  89 

In contrast, as far as we are aware, there is not an analytical solution for the 𝐶llr-to-𝜎 90 

mapping function. Morrison (2024) used numerical integration (described in §2.5 91 

below) to calculate the 𝐶llr value corresponding to a given 𝜎 value (the same method 92 

was used to calculate the 𝐶llr values in Table 1 of the present paper). Morrison (2024) 93 

calculated ln(𝐶llr) values corresponding to 𝜎2 values equally spaced at intervals of 94 

0.25 in the range 0 to 25, then fitted a curve to the ln(𝐶llr) values versus 𝜎2 values, 95 

then inverted the formula for the curve so that it could be used to calculate the target 96 

𝜎 value given a query 𝐶llr value. The formula for that curve is given in Equation (4). 97 

The fitted coefficient values were 𝑏 = 17.7 and 𝑐 = 9.33 × 10−3.3 Figure 2b shows 98 

a plot of this function and also a plot of the output of the “exact” method that is 99 

described in §2.5 below. 100 

(4) 𝜎 = √−
1

𝑐
ln (

1

𝑏
ln(𝐶llr) + 1) 101 

 102 

 
3 If we repeat this process but extend the range of 𝜎2 values out to 36, the fitted coefficient values are 𝑏 = 24.6 and 

𝑐 = 6.54 × 10−3. 
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Figure 2. (a) Analytic 𝐸=-to-𝜎 mapping function for perfectly calibrated bi-Gaussian systems. (b) 103 

𝐶llr-to-𝜎 mapping functions for perfectly calibrated bi-Gaussian systems: Exact method, described 104 

in §2.5 below, and fitted-curve approximation from Morrison (2024). 105 

 106 

Morrison (2024) explored the use of four different methods for calculating the target 107 

𝜎  for bi-Gaussianized calibration. Each method used either the 𝐸=-to-𝜎  mapping 108 

function or the fitted-curve 𝐶llr-to-𝜎 mapping function described above. Details of the 109 

methods are provided in Morrison (2024). Briefly:  110 

1.  EER method: 𝐸= was calculated by: 1. sorting all of the uncalibrated log(Λ) 111 

values from smallest to largest; 2. for each uncalibrated log(Λ) value, placing a 112 

threshold at that value and calculating the false-alarm rate and miss rate at that 113 

value; 3. finding the first value for which the false-alarm rate was less than the 114 

miss rate; 4. taking the false-alarm rate at that value; 5. taking the miss rate at the 115 

immediately preceding value; and 6. calculating the mean of that false-alarm rate 116 

and that miss rate. For an example, see Figure 4 in §2.2 below. 117 

2.  LogReg method: Logistic regression was used to calibrate the uncalibrated log(Λ) 118 

values. Logistic regression calculates values for an intercept coefficient and a 119 

slope coefficient. These are used to linearly shift and scale uncalibrated log(Λ) 120 

values. The same uncalibrated log(Λ) values that were used to train the logistic-121 

regression model were calibrated, and the 𝐶llr value for the resulting logistic-122 
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regression-calibrated log(Λ) values was calculated.  123 

3.  KDE method: 1. A KDE model was fitted to the same-source uncalibrated log(Λ) 124 

values. 2. A KDE model was fitted to the different-source uncalibrated log(Λ) 125 

values. 3. For a given query value, a calibrated likelihood ratio was calculated by 126 

dividing the probability density of the same-source model evaluated at the query 127 

value by the probability density of the different-source model evaluated at the 128 

query value. The bandwidths for the KDE models were calculated using 129 

Silverman’s Gaussian-approximation method (Silverman, 1986). The same 130 

uncalibrated log(Λ) values that were used to train the KDE models were calibrated, 131 

and the 𝐶llr value for the resulting KDE-calibrated log(Λ) values was calculated. 132 

4.  PAV method: The PAV algorithm was used to calibrate the uncalibrated log(Λ) 133 

values. PAV non-linearly shifts and scales uncalibrated log(Λ) values so as to 134 

minimize 𝐶llr, with the only constraint being maintenance of monotonicity. The 135 

same uncalibrated log(Λ) values that were used to train the PAV algorithm were 136 

calibrated, and the 𝐶llr value for the resulting PAV-calibrated log(Λ) values was 137 

calculated. 138 

Morrison (2024) used Monte Carlo simulation to generate synthetic data. 1000 sample 139 

sets, each consisting of 100 same-source ln(Λ) values and 4950 different-source ln(Λ) 140 

values, were generated from perfectly calibrated bi-Gaussian systems with 𝜎 ∈141 

{1,2,3,4}. For each sample set, the target 𝜎 value was calculated using each of the 142 

four methods. Figure 3 shows, for each method, the distributions of the calculated 143 

target 𝜎 values. 144 

 145 
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Figure 3. Violin plots of distributions of target 𝜎 values calculated using each of the methods from 146 

Morrison (2024). In each panel, the solid horizontal line indicates the 𝜎 value used to generate the 147 

Monte Carlo samples, 𝜎 ∈ {1,2,3,4}. Each panel is a reproduction of a figure from Morrison (2024). 148 
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 149 

Although there is an analytical solution for the 𝐸=-to-𝜎 mapping function, the output 150 

of the EER method can be susceptible to noise due to sampling variability. As system 151 

performance improves, 𝐸=  values decrease, but they become dependent on the 152 

ranking of sparsely distributed uncalibrated log(Λ) values that are on the tails of both 153 

the same-source distribution and the different-source distribution; thus, the 𝐸= values 154 

become more susceptible to noise due to sampling variability. As can be seen in Figure 155 

3, of the four methods, the output of the EER method tended to have the largest 156 

variability, and, as the 𝜎 used for generating the Monte Carlo samples increased, the 157 

target 𝜎 calculated using the EER method were discretized. Since the sample sets 158 

contained fewer same-source samples than different-source samples, it is sparseness in 159 

same-source samples, rather than in different-source samples, that is primarily 160 

responsible for the discretization (step changes in miss rate are visible in Figure 4 in 161 

§2.2 below).  162 

Because 𝐶llr  calculates a penalty value for each and every log(Λ) value and then 163 

averages over the penalty values, methods dependent on calculation of 𝐶llr were less 164 

susceptible to sampling variability than were methods based on calculation of 𝐸=; 165 

however, because the 𝐶llr-to-𝜎 mapping function is based on a curve-fitting method, 166 

rather than an analytical solution, it is susceptible to errors due to the fitted curve being 167 

an approximation of the relationship between 𝐶llr and 𝜎.  168 

In addition:  169 

1.  The output of the LogReg method becomes unstable (and sensitive to sampling 170 

variability) as performance improves and the degree of separation between same-171 

source and different-source uncalibrated log(Λ) values approaches and exceeds 172 

complete separation. As can be seen in Figure 3, when the 𝜎 used for generating 173 

the Monte Carlo samples was 3 and when it was 4, the LogReg method produced 174 

a few low-value outliers for the target 𝜎. 175 
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2.  The output of the KDE method can vary based on the choice of bandwidth for 176 

each model’s kernels.  177 

3.  The PAV algorithm overfits its training data; hence, its results do not generalize. 178 

As can be seen in Figure 3, of the four methods, the output of the PAV method 179 

exhibited the greatest positive bias in target 𝜎 values. This can be attributed to 180 

the PAV algorithm overfitting the sample data and, for each sample set, 181 

minimizing the 𝐶llr value for that particular sample set.  182 

As can be seen in Figure 3 (with the exception of the EER method when the 𝜎 used 183 

for generating the Monte Carlo samples was 1 or 2), all methods tended to overestimate 184 

the target 𝜎 . Overestimating the target 𝜎  is a problem because it will result in 185 

calibrated ln(Λ) that overstate the strength of evidence, i.e., the calibrated ln(Λ) values 186 

will be further from the neutral value of 0 than they should be. Vergeer et al. (2016), 187 

Morrison & Poh (2018), and Alberink et al. (2026) all expressed concern about 188 

overstating strength of evidence, particularly when, as is common in forensic 189 

applications, the amount of case-relevant training data available is small.  190 

In the present paper, we explore alternative methods for calculating the target 𝜎 for 191 

bi-Gaussianized calibration. These methods are potentially less susceptible to the 192 

sampling variability, discretization, curve-fitting approximation, and positive bias 193 

problems described above. We also explore methods that are designed to reduce the 194 

potential for overstating strength of evidence. In particular: 195 

1.  We calculate 𝐸= using a method that makes use of cumulative KDEs. This is 196 

expected to be less susceptible to noise due to sampling variability. 197 

2.  We calculate 𝐶llr after applying regularized logistic regression with a relatively 198 

large regularization weight. This regularization is expected to result in greater 199 

stability. It is also expected to result in logistic-regression-calibrated log(Λ) 200 

values that are closer to the neutral value of 0, which will result in larger 𝐶llr 201 

values, which will result in smaller target 𝜎 values, which will result in shrinkage 202 
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of the bi-Gaussian-calibrated ln(Λ) values toward the neutral value of 0. 203 

3.  We calculate 𝐶llr after applying KDE models for which the method we use for 204 

setting the bandwidths is expected to result in better fits for non-Gaussian 205 

distributions.  206 

4.  We calculate 𝜎 from 𝐶llr using an “exact” method that does not depend on a 207 

curve-fitting approximation. 208 

5.  We recalculate 𝐸= as the expected value of the posterior distribution of a beta-209 

binomial model with a uniform prior. This will result in larger 𝐸= values, which 210 

will result in smaller target 𝜎 values, which will result in shrinkage of the bi-211 

Gaussian-calibrated ln(Λ) values toward the neutral value of 0. This method can 212 

be applied in combination with any of the other methods.  213 

6.  We apply a method that compresses the empirical-cumulative-density function 214 

that is used to calculate the uncalibrated-log(Λ)-to-calibrated-ln(Λ) mapping 215 

function. This imposes limits on the minimum and maximum values for the 216 

calibrated ln(Λ) and, between those limits, compresses the calibrated ln(Λ) toward 217 

the neutral value of 0. This compression is in addition to any shrinkage that may 218 

have been induced by regularized logistic regression and/or by recalculation of 219 

𝐸=  using a beta-binomial model. The compression method can be applied in 220 

addition to any of the other methods. 221 

Below: 222 

• We describe each of the new methods in detail. 223 

• We use simulated data to assess the results of calculating target 𝜎 values using 224 

each of the first three methods (for the second and third method, we use the fourth 225 

method’s 𝐶llr-to-𝜎  mapping function), both with and without the addition of 226 

each of the fifth (recalculation of 𝐸=). 227 
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• We select the new method that we believe has the best properties (the ISJ-KDE-β 228 

method, i.e., the third method combined with the fourth and fifth method) and 229 

apply it (with and without compression, the sixth method) to two sets of real 230 

uncalibrated log(Λ) data. 231 

2. Methodology 232 

2.1. Code and data availability 233 

The MATLAB code and the data used to perform the experiments described below are 234 

available at https://forensic-data-science.net/calibration-and-validation/#biGauss2026. 235 

Python and R versions of the functions for performing bi-Gaussianized calibration are 236 

also provided at that URL. 237 

2.2. CKDE method 238 

Rather than finding 𝐸= by sweeping a threshold through the empirical false-alarm and 239 

miss rates for the uncalibrated log(Λ) training data, as in the EER method used in 240 

Morrison (2024), the cumulative-kernel-density-estimate (CKDE) method sweeps a 241 

threshold through CKDEs fitted to the same-source and the different-source 242 

uncalibrated log(Λ) training data.  243 

The method is as follows: 244 

1.  Fit a KDE model to the same-source uncalibrated log(Λ) values. The CKDE of 245 

this model is used to calculate 𝜋s≤(𝑥): the probability of obtaining values less 246 

than or equal to the query value (𝑥), see Figure 4. 247 

2.  Fit a KDE model to the different-source uncalibrated log(Λ) values. The CKDE 248 

of this model is used to calculate 𝜋d≥(𝑥): the probability of obtaining values 249 

greater than or equal to the query value (𝑥), see Figure 4.  250 

3.  Evaluate 𝜋s≤(𝑥𝑖)  and 𝜋d≥(𝑥𝑖)  at each of 10,000 query values ( 𝑖 ∈251 

{1 … 10,000} ) that are equally spaced between the smallest and the largest 252 
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uncalibrated log(Λ) values in the training data. 253 

4.  At each of the query values, calculate 𝛿(𝑥𝑖) = 𝜋s≤(𝑥𝑖) − 𝜋d≥(𝑥𝑖). 254 

5.  Find the first 𝛿(𝑥𝑖) > 0. 255 

6.  Calculate 𝐸= =
1

4
(𝜋d≥(𝑥𝑖−1) + 𝜋d≥(𝑥𝑖) + 𝜋s≤(𝑥𝑖−1) + 𝜋s≤(𝑥𝑖)). 256 

For the CKDE models, we calculated the bandwidths using the Improved Sheather–257 

Jones (ISJ) method (Botev et al., 2010). We independently calculated the bandwidth 258 

for the same-source model and the bandwidth for the different-source model. 259 

Figure 4 plots an example of empirical false-alarm and miss rates for different-source 260 

and same-source uncalibrated log(Λ) values and of corresponding CKDE 𝜋d≥(𝑥𝑖) 261 

and 𝜋s≤(𝑥𝑖). The uncalibrated log(Λ) values used in this example were taken from real 262 

forensic-voice-comparison data (see §3.2 below). The 𝜋s≤(𝑥𝑖)  CKDE curve is 263 

smoother than the empirical miss-rate curve. The jaggedness of the empirical miss-rate 264 

curve is due to there only being 111 same-source uncalibrated log(Λ) values in the data. 265 

 266 
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Figure 4. Example plots of empirical false-alarm and miss rates for uncalibrated different-source and 267 

same-source log(Λ) values and of cumulative kernel-density estimates 𝜋d≥(𝑥𝑖)  fitted to the 268 

different-source uncalibrated log(Λ) values and 𝜋s≤(𝑥𝑖)  fitted to the same-source uncalibrated 269 

log(Λ) values.  270 

 271 

2.3. RegLogReg method 272 

The RegLogReg method for bi-Gaussianized calibration applies regularized logistic 273 

regression prior to calculating 𝐶llr. 274 

It is usual to apply a small amount of regularization to address potential numerical 275 

problems when fitting a logistic regression model. Applying a large amount of 276 

regularization leads to a substantial reduction in the value of the logistic regression’s 277 

slope coefficient. This results in the calibrated ln(Λ) values being shrunk toward the 278 

neutral value of 0. The effect of regularization is larger when the amount of training 279 

data is smaller, and it is larger when the degree of separation between the same-source 280 

and different-source uncalibrated log(Λ) values is greater. 281 

We applied the regularization method described in Morrison & Poh (2018) and used a 282 
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regularization weight of 𝜅 = 1 . This is expected to induce a moderate amount of 283 

shrinkage.4  284 

2.4. ISJ-KDE method  285 

The ISJ-KDE method is the same as the KDE method used in Morrison (2024) (see §1 286 

above) except that, instead of calculating the bandwidths using Silverman’s Gaussian-287 

approximation method (Silverman, 1986), it calculates them using the ISJ method 288 

(Botev et al., 2010). We independently calculated the bandwidth for the same-source 289 

model and the bandwidth for the different-source model. Figure 6 and Figure 7 in 290 

§2.9.2 and §2.9.3 below show the results of fitting independent ISJ-KDE models to 291 

real same-source and different-source uncalibrated log(Λ). The ISJ-KDE method for 292 

bi-Gaussianized calibration applies ISJ-KDE calibration prior to calculating 𝐶llr. 293 

Botev et al. (2010) demonstrated that, for synthetic data generated using multiple 294 

different non-Gaussian distributions, use of the ISJ method for calculating the 295 

bandwidth usually led to better KDE fits than use of a bandwidth-calculation method 296 

that (like Silverman’s Gaussian-approximation method) included a Gaussian-reference 297 

rule.  298 

2.5. Exact 𝑪𝐥𝐥𝐫-to-𝝈 mapping function 299 

As stated in §1 above, as far as we are aware, there is not an analytical solution for the 300 

𝐶llr-to-𝜎 mapping function; however, below, we describe what we call an “exact” 301 

method for calculating a target 𝜎 value given a 𝐶llr value. The method is exact in 302 

that it does not depend on a fitted-curve approximation. 303 

Equation (5), in which 𝑓(𝑥|𝜇, 𝜎) is a univariate Gaussian probability-density function, 304 

is the formula for calculating 𝐶llr  given the 𝜎  value of a perfectly calibrated bi-305 

 
4 Morrison (2024) also applied the regularization method described in Morrison & Poh (2018) but used only a small 

regularization weight (𝜅 = 0.01) to avoid potential numerical problems. 
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Gaussian system (see Morrison, 2024, §2.3 for the derivation of this formula).  306 

(5) 𝐶llr =
1

ln(2)
∫ 𝑓 (𝑥|

𝜎2

2
, 𝜎) ln(1 + 𝑒−𝑥) 𝑑𝑥

∞

−∞
 307 

As far as we are aware, there is not an analytical solution to the integral in Equation 308 

(5), but it can be solved numerically. To perform numerical integration, we use the 309 

adaptive quadrature method implemented in the “integral” function in MATLAB 310 

(Shampine, 2008). This allows us to calculate 𝐶llr given the 𝜎 value of a perfectly 311 

calibrated bi-Gaussian system, but what we want is the opposite: the target 𝜎 value of 312 

a perfectly calibrated bi-Gaussian system given a query 𝐶llr value.  313 

To calculate the target 𝜎 value of a perfectly calibrated bi-Gaussian system given a 314 

query 𝐶llr value, we use an iterative search algorithm. We use the “fminbnd” function 315 

in MATLAB, which implements an algorithm that is based on golden section search 316 

and parabolic interpolation (Brent, 1973; Forsythe et al., 1976). We limit the search to 317 

the range 0 ≤ 𝜎 ≤ 12. 𝜎 values cannot be negative, and 𝜎 = 12 is far beyond any 318 

real-world value that we expect to encounter in casework. The function we attempt to 319 

minimize is (ln(𝐶llr candidate) − ln(𝐶llr query))
2

, in which 𝐶llr query  is the 𝐶llr 320 

value calculated after application of RegLogReg calibration or ISJ-KDE calibration, 321 

and 𝐶llr candidate  is a candidate 𝐶llr  value calculated from a candidate 𝜎  value 322 

(𝜎candidate) using Equation (5) and numerical integration. Each iteration of the search 323 

algorithm tests a different 𝜎candidate value. The algorithm searches for smaller and 324 

smaller values of the minimization function and stops when the value of the 325 

minimization function falls below a prespecified tolerance value. We set the tolerance 326 

value to 10−6. When the algorithm stops, it returns the 𝜎candidate value as the target 327 

𝜎 value. 328 

In all of the experiments described below, we used the exact 𝐶llr -to-𝜎  mapping 329 

function. 330 
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2.6. Recalculation of 𝑬=  using a Bayesian beta-binomial model with a 331 

uniform prior 332 

A false-alarm rate is a proportion. A miss rate is a proportion. The equal-error rate, the 333 

value at which the false-alarm rate and miss rate are equal is, therefore, also a 334 

proportion.  335 

Rather than using the maximum-likelihood estimate of the proportion of items of 336 

interest in a population, i.e., dividing the count of items of interest in a sample by the 337 

total number of items in the sample, 𝜃 = 𝑐

𝑛
, one can calculate the Bayesian estimate of 338 

the proportion of items of interest in a population as the expected value of the posterior 339 

distribution for the proportion, 𝜃∗. The likelihood for the sample count is given by a 340 

binomial distribution, Bin(𝑐|𝜃, 𝑛) ; the conjugate prior is a beta distribution, 341 

Beta(𝜃|𝑎, 𝑏), in which 𝑎  and 𝑏  are the prior hyperparameters; and the posterior 342 

distribution is a beta distribution, Beta(𝜃|𝑐 + 𝑎, 𝑛 − 𝑐 + 𝑏). Integrating out 𝜃 leads 343 

to the expected value for the posterior distribution, see Equation (6). 344 

(6) 𝜃∗ = ∫ 𝜃Beta(𝜃|𝑐 + 𝑎, 𝑛 − 𝑐 + 𝑏)
1

0
𝑑𝜃 =

𝑐+𝑎

𝑐+𝑎+𝑛−𝑐+𝑏
=

𝑐+𝑎

𝑛+𝑎+𝑏
 345 

We calculate 𝐸= using the CKDE method, or we calculate 𝐶llr using the RegLogReg 346 

method or the ISJ-KDE method. If we have calculated 𝐶llr, we use the exact 𝐶llr-to-𝜎 347 

mapping function to calculate 𝜎 (see §2.5 above) then use the analytical 𝜎-to-𝐸= 348 

mapping function to calculate 𝐸= (the analytical 𝜎-to-𝐸= mapping function is given 349 

in Equation (7), in which 𝐹 is the cumulative probability function for a univariate 350 

standard Gaussian distribution, 𝜇 = 0 , 𝜎 = 1).5  We then calculate 𝑐 = 𝑛𝕊𝐸= , in 351 

which 𝑛𝕊 is the number of sources used to generate the same-source and different-352 

source uncalibrated log(Λ) in the training set. In doing this, we treat 𝑛𝕊𝐸= as the count 353 

 
5 Equation (7) is the inverse of Equation (3). See Morrison (2024) §2.5 for the derivation of this function. Morrison (2024) 

Equation 9 mistakenly used the symbol 𝑓 (probability density function) where 𝐹 (cumulative density function) was 

intended. 
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of items of interest in the sample (i.e., the count of errors in the sample) and 𝑛𝕊 as the 354 

sample size. As prior hyperparameters, we use 𝑎 = 𝑏 = 1, i.e., a uniform prior. We 355 

then calculate an updated value for 𝐸= using Equation (8).6 356 

(7) 𝐸= = 𝐹 (−
𝜎

2
) 357 

(8) 𝐸=
∗ =

𝑐+𝑎

𝑛+𝑎+𝑏
=

𝑛𝕊𝐸=+1

𝑛𝕊+2
 358 

We then use the analytical 𝐸=-to-𝜎 mapping function (Equation (3)) to calculate the 359 

target 𝜎∗ corresponding to 𝐸=
∗ . 360 

Because of the uniform prior (𝑎 = 𝑏), 𝐸=
∗  is larger than 𝐸=. It is closer to 0.5. The 361 

smaller the value of 𝑛𝕊 the greater the effect of the prior will be, and the smaller the 362 

value of 𝐸= the greater the effect of the prior will be. Because 𝐸=
∗  is larger than 𝐸=, 363 

the target 𝜎∗ is smaller than the target 𝜎, and the calibrated ln(Λ) values are shrunk 364 

toward the neutral value of 0. If one wanted to induce more or less shrinkage, one could 365 

use larger or smaller values for 𝑎 and 𝑏 (with the constraint that 𝑎 = 𝑏). Table 2 366 

shows, for selected values of 𝜎, the corresponding 𝐸= , 𝐸=
∗ , and 𝜎∗  values given 367 

𝑛𝕊 = 100  and 𝑎 = 𝑏 = 1 . Figure 5 shows the 𝐸= -to-𝐸=
∗  and 𝜎 -to-𝜎∗  mapping 368 

functions given 𝑛𝕊 = 100  and 𝑎 = 𝑏 = 1 . The 𝜎 -to- 𝜎∗  mapping function 369 

asymptotes: given 𝑛𝕊 = 100 and 𝑎 = 𝑏 = 1, as 𝐸= → 0, 𝐸=
∗ → 1

102
 and 𝜎∗ → 4.67.  370 

 
6 For 𝑛𝕊 in Equation (8), one could use values other than the number of sources, e.g., one could use the harmonic mean, 

2
1

𝑛s
+

1

𝑛d

, in which 𝑛s  is the number of same-source uncalibrated log(Λ) in the training set and 𝑛d  is the number of 

different-source uncalibrated log(Λ) in the training set. 
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Table 2. 𝐸= , 𝐸=
∗ , and 𝜎∗  values corresponding to 𝜎 ∈ {0,1,2,3,4,5,6, ∞}  given 𝑛𝕊 = 100  and 371 

𝑎 = 𝑏 = 1. 372 

𝝈 

 

𝑬= 

(%) 

𝑬=
∗  

(%) 

𝝈∗ 

 

0 50.0 50.0 0 

1 30.9 31.2 0.98 

2 15.9 16.5 1.95 

3  6.7  7.5 2.87 

4  2.3  3.2 3.70 

5  0.6  1.6 4.29 

6  0.1  1.1 4.57 

∞ 0.  1.0 4.67 

 373 

Figure 5. (a) 𝐸=-to-𝐸=
∗  and (b) 𝜎-to-𝜎∗ mapping functions given 𝑛𝕊 = 100 and 𝑎 = 𝑏 = 1. 374 

 375 

When we add beta-binomial recalculation of 𝐸= to one of the other methods, we will 376 

indicate this by adding “-β” at the end of the abbreviation for that method, i.e., CKDE-377 
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β, RegLogReg-β, and ISJ-KDE-β. 378 

2.7. Compression of likelihood-ratio values 379 

We developed a compression method integrated as part of bi-Gaussianized calibration. 380 

The compression method limits the minimum and maximum calibrated ln(Λ) values 381 

and, between the minimum and maximum values, compresses the calibrated ln(Λ) 382 

values toward the neutral value of 0. This is compression in addition to any shrinkage 383 

due to regularized logistic regression (§2.3 above) or due to the recalculation of 𝐸= 384 

using a beta-binomial model (§2.6 above). We use the term “compression” to 385 

distinguish this method from shrinkage due to recalculation of 𝐸=  using a beta-386 

binomial model and to distinguish it from the bounding methods described in Vergeer 387 

et al. (2016) and Alberink et al. (2026). 388 

The compression method is based on the number of sources (𝑛𝕊) used to generate the 389 

uncalibrated log(Λ) values of the training data. Bi-Gaussianized calibration maps the 390 

empirical cumulative distribution (ECD) of uncalibrated log(Λ) toward the cumulative 391 

Gaussian-mixture distribution of a perfectly calibrated bi-Gaussian system (see 392 

Morrison, 2024, §2.7 for details of the algorithm). The ECD of the uncalibrated log(Λ) 393 

is constructed with equal weight given to the same-source and different-source 394 

categories. Our compression method adjusts the ECD so that its minimum value is 
𝛾

𝑛𝕊
 395 

and its maximum value is 1 −
𝛾

𝑛𝕊
, in which 𝛾 is a compression factor. The algorithm 396 

for the method is as follows:  397 

1.  Sort all the uncalibrated log(Λ) values, both different source and same source, 398 

from smallest to largest. If any different-source uncalibrated log(Λ) and same-399 

source uncalibrated log(Λ) have the same value, sort the different-source log(Λ)  400 

before the same-source log(Λ).  401 

2.  Set the weight for the first uncalibrated log(Λ) value (a different-source value) to 402 

𝛾

𝑛𝕊
. 403 
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3.  Set the weight for every other different-source uncalibrated log(Λ) value to 

1

2
−

𝛾

𝑛𝕊

𝑛d−1
, 404 

in which 𝑛d is the number of different-source uncalibrated log(Λ) values.  405 

4.  Set the weight for every same-source uncalibrated log(Λ) value to 

1

2
−

𝛾

𝑛𝕊

𝑛s
, in which 406 

𝑛s is the number of same-source uncalibrated log(Λ) values.  407 

5.  Calculate the ECD as the cumulative sum of the weights. The first ECD value is 408 

𝛾

𝑛𝕊
, and the last ECD value is 

𝛾

𝑛𝕊
+ (𝑛d − 1)

1

2
−

𝛾

𝑛𝕊

𝑛d−1
+ 𝑛s

1

2
−

𝛾

𝑛𝕊

𝑛s
= 1 −

𝛾

𝑛𝕊
. 409 

For selected values of 𝜎, with 𝛾 ∈ {½, 1,2} and 𝑛𝕊 ∈ {50,100,200}, Table 3 shows 410 

the theoretical maximum values for bi-Gaussianized-calibrated likelihood ratios. The 411 

theoretical minimum values are the inverse of the maximum values. Using a larger 412 

value for 𝛾 shifts the minimum and maximum ECD values further away from 0 and 1 413 

and, hence, results in greater compression of the minimum and maximum bi-Gaussian-414 

calibrated ln(Λ) values toward to the neutral value of 0.  415 
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Table 3. Maximum likelihood-ratio values for 𝜎 ∈ {1,2,3,4} , with 𝛾 ∈ {½, 1,2}  and 𝑛𝕊 ∈416 

{50,100,200}. 417 

   𝒏𝕊  

𝝈 𝜸 50 100 200 

 ½ 11,017,502 32,781,045 88,926,187 

4 1 3,278,001 11,017,502 32,782,045 

 2 822,651 3,278,001 11,017,502 

 ½ 42,670 96,669 204,330 

3 1 17,190 42,670 96,669 

 2 6,096 17,190 42,670 

 ½ 450 775 1,277 

2 1 246 450 775 

 2 123 246 450 

 ½ 13 17 22 

1 1 10 13 17 

 2 7 10 13 

 418 

In the experiments reported below, we use 𝛾 = 1.7 419 

That the compression method results in minimum and maximum ECD values that are 420 

shifted away from 0 and 1 can be observed in Figure 9 in §3.2.2 below. Figure 10 in 421 

§3.2.2 below exemplifies the effect of the compression method on the uncalibrated-422 

log(Λ)-to-calibrated-ln(Λ) mapping function.  423 

 

7 For results reported below as “without compression”, the minimum and maximum ECD values were set to 
1

𝑛t
 and 1 −

1

𝑛t
, respectively, in which 𝑛t = 𝑛d + 𝑛s , i.e., the total number of uncalibrated log(Λ) values (both same-source and 

different-source) used for training. 
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2.8. Simulated data 424 

As in Morrison (2024), we used Monte Carlo simulation to generate synthetic data 425 

from perfectly calibrated bi-Gaussian systems. For each value of 𝜎, we generated 1000 426 

sample sets. For each sample set, we generated samples based on having 100 sources 427 

and comparing two items from each source with each other and one item from each 428 

source with one item from every other source, i.e., we generated 100 same-source ln(Λ) 429 

sample values and 4950 different-source ln(Λ) sample values.  430 

For each sample set, we calculated the target 𝜎 value using each of CKDE, CKDE-β, 431 

RegLogReg, RegLogReg-β, ISJ-KDE, and ISJ-KDE-β. 432 

In contrast with Morrison (2024), which generated samples for perfectly calibrated bi-433 

Gaussian systems with 𝜎 ∈ {1,2,3,4}, for the present paper we generated samples for 434 

perfectly calibrated bi-Gaussian systems with 𝜎 ∈ {1,2,3,4,5,6}. We extended to 𝜎 =435 

6  because one of the real-data examples in Morrison (2024), the glass-fragment 436 

example, which we also use in the present paper (see §2.9.3 below), had (using the 437 

LogReg method) a calculated target 𝜎 just above 6. 438 

2.9. Real data 439 

2.9.1. Introduction 440 

We selected the new method that we believe has the best properties (the ISJ-KDE-β 441 

method) and used it (with and without compression) to calibrate uncalibrated log(Λ) 442 

values from two real datasets. These were the same real datasets as used in Morrison 443 

(2024). One dataset consisted of uncalibrated log(Λ) values resulting from comparison 444 

of voice recordings and the other consisted of uncalibrated log(Λ) values resulting from 445 

comparison of glass fragments. The datasets are briefly described in §2.9.2 and §2.9.3 446 

below. 447 

2.9.2. Voice recordings 448 
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The voice dataset consisted of uncalibrated log(Λ) values produced by a forensic-449 

voice-comparison system (Weber et al., 2022). The distributions of the same-source 450 

and different-source uncalibrated log(Λ)  values are shown in Figure 6. For this 451 

dataset, the number of sources was 61 (other data had been used to train earlier parts 452 

of the forensic-voice-comparison system). The dataset consisted of 111 same-source 453 

uncalibrated log(Λ) and 9,719 different-source uncalibrated log(Λ) (some speakers 454 

contributed more that two recordings). 455 

As can be seen in Figure 6, these data are not distributed as two Gaussians with the 456 

same variance. They are therefore expected to benefit from non-linear calibration. 457 

 458 

Figure 6. Kernel-density plots of the same-source and different-source uncalibrated log(Λ) values 459 

from the voice dataset.  460 

 461 

2.9.3. Glass fragments 462 

The glass dataset consisted of uncalibrated log(Λ) values calculated by applying the 463 
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multivariate-kernel-density method of Aitken & Lucy (2004a, 2004b) to pairs of 464 

groups of glass fragments (Vergeer et al., 2016; van Es et al., 2017). For this dataset, 465 

the number of sources was 320. The dataset consisted of 320 same-source uncalibrated 466 

log(Λ) and 51,040 different-source uncalibrated log(Λ).  467 

The distributions of the same-source and different-source uncalibrated log(Λ) values 468 

are shown in Figure 7. As can be seen in Figure 7, these data have extreme distributions. 469 

The different-source distribution has a probability point mass at approximately −300, 470 

then has values spread between −300 and 6.5. The point mass is due to numerical issues 471 

that resulted in about 80% of the different-source uncalibrated likelihood ratios being 472 

below the precision of the software used to implement the multivariate-kernel-density 473 

method. We reset these results to the lowest finite uncalibrated likelihood-ratio value 474 

in the data. Other than for a few outliers, the same-source density is concentrated in a 475 

relatively narrow range of low positive values. Its mode is at 9.0. The different-source 476 

and same-source values overlap in the range −1.7 to 6.5. A strength of bi-Gaussianized 477 

calibration is that it can handle these extreme distributions.  478 

 479 
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Figure 7. Kernel-density plots of the same-source and different-source uncalibrated log(Λ) values 480 

from the glass dataset.  481 

 482 

3. Results and discussion 483 

3.1. Simulated data 484 

Figure 8 shows, for each of CKDE, CKDE-β, RegLogReg, RegLogReg-β, ISJ-KDE, 485 

and ISJ-KDE-β, the distributions of the calculated target 𝜎  values at each of the 486 

different 𝜎 values used to generate the Monte Carlo samples, 𝜎 ∈ {1,2,3,4,5,6}.  487 
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Figure 8. Continued on next page … 489 
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Figure 8. Violin plots of distributions of target 𝜎 values calculated using each of the new methods. 490 

In each panel, the solid horizontal line indicates the 𝜎 value used to generate the Monte Carlo 491 

samples, 𝜎 ∈ {1,2,3,4,5,6}.  492 
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 493 

With the exception of the ISJ-KDE method applied to Monte Carlo samples generated 494 

using high values for 𝜎  ( 𝜎 ∈ {4,5,6} ), all of the new methods appeared to be 495 

successful in eliminating substantial positive bias in target 𝜎 values.  496 

The CKDE method was effective in eliminating discretization of calculated values for 497 

𝐸= and, hence, discretization of calculated values for 𝜎. Although not designed to 498 

substantially reduce target 𝜎 values, the CKDE method tended to overestimate 𝐸= 499 

values and, hence, to underestimate target 𝜎 values (see Figure 4 in §2.2 above for an 500 

example of CKDE overestimating 𝐸=). This bias appeared consistently across all 𝜎 501 

values used for generating Monte Carlo samples. Later in this section, in discussing the 502 

beta-binomial results, we argue that the desired pattern is one of negligible reduction 503 

in target 𝜎 values when low 𝜎 values are used to generate Monte Carlo samples, with 504 

the amount of reduction in the target 𝜎  value increasing as the 𝜎  value used to 505 

generate the Monte Carlo samples increases. This was not the pattern observed when 506 

the CKDE method was applied. 507 

The relatively high regularization weight used for the RegLogReg method did not 508 

result in substantial reduction in target 𝜎 values when Monte Carlo samples were 509 

generated using low to high 𝜎 values (𝜎 ∈ {1,2,3,4}), but it did substantially reduce 510 

target 𝜎 values when Monte Carlo samples were generated using very high 𝜎 values 511 

(𝜎 ∈ {5,6}). Like the LogReg method, the RegLogReg and RegLogReg-β methods 512 

exhibited some low-value outliers for target 𝜎  values. Compared to the LogReg 513 

method, however, these outliers did not appear until the 𝜎 used for generating the 514 

Monte Carlo samples was very high (𝜎 ∈ {5,6}). 515 

As indicated above, for Monte Carlo samples generated using high values for 𝜎 (𝜎 ∈516 

{4,5,6}), the ISJ-KDE method had a substantial positive bias in target 𝜎 values. This 517 

was particularly prominent for Monte Carlo samples generated using very high 𝜎 518 

values (𝜎 ∈ {5,6}). A potential contributor to this pattern of results is that, for ISJ-KDE 519 
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calibration itself or for KDE calibration itself (as opposed to bi-Gaussianized 520 

calibration), the mapping function between uncalibrated log(Λ) values and calibrated 521 

ln(Λ) values is not monotonic (see Figure 15 and Figure 16 in Appendix A). If low 𝜎 522 

values are used for generating the Monte Carlo samples, the mapping function could 523 

be monotonic over the range of values that are to be calibrated, but, if high 𝜎 values 524 

are used for generating the Monte Carlo samples, the mapping function for regions that 525 

are on the tail of either the same-source distribution or the different-source distributions, 526 

and the mapping function for regions that are on the tails of both distributions, will 527 

likely be non-monotonic. Since we train and test using the same Monte Carlo samples, 528 

there is always a same-source kernel centred at a same-source query value, but, because 529 

data in a joint-tail region are otherwise sparce, there is unlikely to be a different-source 530 

kernel centred nearby. This will lead to calibrated ln(Λ) values for same-source query 531 

values being overestimated. Mutatis mutandis for different-source query values. This 532 

will lead to underestimated values for 𝐶llr and, in turn, overestimated values for target 533 

𝜎.  534 

Across the different methods, adding recalculation of 𝐸=  using a Bayesian beta-535 

binomial model with a uniform prior led to a consistent pattern of results:  536 

• For the lowest value of 𝜎 used to generate the Monte Carlo samples (𝜎 = 1), the 537 

reduction of target 𝜎∗ values was negligible. 538 

• As the value of 𝜎 used to generate the Monte Carlo samples increased (through 539 

𝜎 ∈ {2,3,4,5,6}), the reduction in target 𝜎∗ values increased and that increase 540 

accelerated. 541 

• For very high values of 𝜎 used to generate the Monte Carlo samples (𝜎 ∈ {5,6}), 542 

the reduction in target 𝜎∗ values was large. 543 

This is the expected pattern and the desired pattern. Understanding why this is the 544 

desired pattern is, perhaps, best conceptualized in terms of 𝐸= values, see Table 2 in 545 
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§2.6 above and the following discussion.  546 

A sample size of 100 is sufficiently large that it can support a claim of an error rate of 547 

31% (𝜎 = 1) or a claim of an error rate of 16% (𝜎 = 2), but a sample size of 100 is not 548 

sufficiently large that it can support a claim of an error rate of 0.6% (𝜎 = 5) or a claim 549 

of an error rate of 0.1% (𝜎 = 6). An error rate of 0.6% corresponds to observing, on 550 

average, 6 errors in every 1000, and an error rate of 0.1% corresponds to observing, on 551 

average, 1 error in every 1000. One cannot support a claim of an error rate of 6 in 1000 552 

or a claim of an error rate of 1 in 1000 using a sample size of 100. One would need a 553 

sample size orders of magnitude larger than 100 in order to be able to support claims 554 

of such small error rates.  555 

Recalculation of 𝐸=  using a Bayesian beta-binomial model with a uniform prior 556 

leaves 𝐸= values that are easily supported by the sample size almost unchanged, but, 557 

as 𝜎  increases and 𝐸=  values get smaller and become increasingly difficult to 558 

support given the sample size, recalculation using a Bayesian beta-binomial model with 559 

a uniform prior increases 𝐸=
∗  values and, hence, decreases 𝜎∗ values by increasing 560 

amounts.  561 

Taking all of the above into account, of the methods we tested, we believe that the ISJ-562 

KDE-β method exhibits the best properties. Although the ISJ-KDE method 563 

overestimated target 𝜎 values when high and very high values of 𝜎 were used to 564 

generate the sample data (𝜎 ∈ {4,5,6}), that positive bias was eliminated when 𝐸= was 565 

recalculated using a Bayesian beta-binomial model with a uniform prior. We select the 566 

ISJ-KDE-β method over CKDE and CKDE-β methods because the latter methods 567 

reduce the target 𝜎 values even when the corresponding 𝐸= values would be easily 568 

supported by the amount of training data. We select the ISJ-KDE-β method over 569 

RegLogReg and RegLogReg-β methods because, when Monte Carlo samples were 570 

generated using very high 𝜎 values (𝜎 ∈ {5,6}), the latter methods exhibited low-571 

value outliers for target 𝜎 values. 572 
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3.2. Real data 573 

3.2.1. Introduction 574 

Based on the results of the experiments using simulated data, we selected the ISJ-KDE-575 

β method as our preferred method. In §3.2.2 and §3.2.3 below, we present the results 576 

of applying this method (with and without compression) to the real datasets described 577 

in §2.9 above. For comparison purposes, we also present the results of applying 578 

logistic-regression calibration (straightforward logistic-regression calibration, not the 579 

LogReg method for bi-Gaussianized calibration).8,9 580 

As per the recommendation in Morrison et al. (2021), we calibrated the uncalibrated 581 

log(Λ)  values from the real datasets using leave-one-out/leave-two-out cross-582 

validation. For each cross-validation loop, the values of 𝑛𝕊 , 𝑛s , and 𝑛d  were 583 

adjusted accordingly. 584 

In §3.2.4 below, we discuss whether the likelihood-ratio values obtained are justified 585 

given the sample size. 586 

3.2.2. Voice recordings 587 

For the voice data, applying the ISJ-KDE-β method to all the training data resulted in 588 

a target 𝜎 value of 3.17.10 This is somewhat smaller than the target 𝜎 of 3.44 that 589 

was obtained in Morrison (2024) using the LogReg method for bi-Gaussianized 590 

 
8 Regularized logistic regression was used, but shrinkage was not induced. The regularization weight was 𝜅 = 0.01. 

9 When we presented our work at the 2026 International Conference on Forensic Inference and Statistics (ICFIS 2026), 

an audience member asked how the output of the ISJ-KDE-β bi-Gaussianized-calibration method compared with the 

output of traditional KDE calibration. In Appendix A, we compare the uncalibrated-log(Λ)-to-calibrated-ln(Λ) mapping 

function for ISJ-KDE-β bi-Gaussianized-calibration with compression with the uncalibrated-log(Λ)-to-calibrated-ln(Λ) 

mapping function for traditional KDE calibration. 

10 The exact target 𝜎 value would have differed for different cross-validation loops, but, for simplicity (for both the 

voice data and the glass data), we report only the target 𝜎 value calculated using all the training data without cross 

validation. 
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calibration. The latter method was not designed to induce shrinkage. 591 

For the voice data, Figure 9 shows the empirical cumulative distribution for the 592 

uncalibrated log(Λ) values, both with and without compression, and the cumulative 593 

distribution of the Gaussian-mixture model for the target perfectly calibrated bi-594 

Gaussian system with 𝜎 = 3.17. Compression resulted in the minimum and maximum 595 

ECD values being at 
𝛾

𝑛𝕊
=

1

61
 and 1 −

𝛾

𝑛𝕊
= 1 −

1

61
, respectively. Bi-Gaussianized 596 

calibration shifts each point on the uncalibrated log(Λ) curve horizontally to the 597 

corresponding point on the curve for the cumulative distribution of the target Gaussian-598 

mixture model.11 Figure 10 shows the resulting mapping functions (both with and 599 

without compression) between uncalibrated log(Λ) values and calibrated ln(Λ) values. 600 

The mapping functions are monotonic but non-linear. The compression method 601 

compresses the calibrated ln(Λ) values toward the neutral value of 0 in a manner which 602 

is sigmoidal: calibrated ln(Λ) values that are further from 0 are compressed by a larger 603 

proportion than calibrated ln(Λ) values that are closer to 0. 604 

 605 

 
11 The algorithm for bi-Gaussianized calibration includes interpolating the empirical-cumulative-density curve obtained 

from the training data in order to obtain empirical-cumulative-density values for the test data. Morrison (2024) used linear 

interpolation. For the present paper, we use piecewise cubic Hermite interpolating polynomials (PCHIP). PCHIP fits 

training values exactly and preserves monotonicity, but, compared to linear interpolation, PCHIP results in a smoother 

mapping function. 
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Figure 9. Empirical cumulative distributions with and without compression for uncalibrated log(Λ) 606 

values from the voice data, and the cumulative distribution of the Gaussian-mixture model for the 607 

target perfectly calibrated bi-Gaussian system with 𝜎 = 3.17.  608 
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Figure 10. Mapping functions between uncalibrated log(Λ) values from the voice data and calibrated 610 

ln(Λ) values corresponding to a perfectly calibrated bi-Gaussian system with 𝜎 = 3.17. Mapping 611 

functions both with and without compression are shown. 612 

 613 

Figure 11 shows probability-density12 and Tippett plots for: 614 

• the voice data after cross-validated calibration using the ISJ-KDE-β bi-615 

Gaussianized-calibration method, both with and without compression; 616 

• the target perfectly calibrated bi-Gaussian system with 𝜎 = 3.17; and 617 
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12 In Figure 11a, all the probability-density functions for bi-Gaussianized calibration and logistic-regression calibration 

were plotted using ISJ-KDEs. 
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generally, less extreme than those resulting from logistic-regression calibration. 623 

Shrinkage because of application of the beta-binomial model with a uniform prior is a 624 

contributor to the latter effect, but bi-Gaussianized calibration’s non-linear mapping is 625 

also a contributor. Applying the compression method resulted in further compression 626 

of calibrated ln(Λ) values (and of calibrated log10(Λ) values) toward the neutral value 627 

of 0. This resulted in deviation from the target perfectly-calibrated bi-Gaussian system. 628 

Compression results in miscalibration of log-likelihood-ratio values, but this is 629 

miscalibration in service of reducing the probability of overstating the strength of 630 

evidence. 631 

For the ISJ-KDE-β bi-Gaussianized-calibration method, 𝐶llr  was 0.177 with 632 

compression and 0.176 without compression. For logistic-regression calibration, 𝐶llr 633 

was 0.172. Shrinkage because of application of the beta-binomial model and the 634 

application of compression could be causes of the slightly higher 𝐶llr value for the 635 

ISJ-KDE-β method. 𝐶llr is a single-value summary of performance. We argue that 636 

𝐶llr does not capture all relevant aspects of system performance, so having the lowest 637 

𝐶llr should not be the sole factor considered in deciding which system is best. We 638 

argue that there are other properties that should also be considered, including whether 639 

the likelihood ratios are well calibrated and whether the method reduces the probability 640 

of overstating the strength of evidence.13  641 

 642 

 
13 Morrison (2025) argues that the extent to which a system takes account of typicality is also a factor that should be 

considered.  
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Figure 11. For the voice data, probability-density plots (a) and Tippett plots (b) for the output of bi-643 

Gaussianized calibration (ISJ-KDE-β method both with and without compression), for the target 644 

perfectly-calibrated bi-Gaussian system (with 𝜎 = 3.17), and for the output of logistic-regression 645 

calibration. The x-axes for panels (a) and (b) are the same, but they are labelled using different 646 

logarithmic bases. 647 
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For the glass data, applying the ISJ-KDE-β method to all the training data resulted in a 650 

target 𝜎 of 5.41.14 This is substantially smaller than the target 𝜎 of 6.02 that was 651 

obtained in Morrison (2024) using the LogReg method for bi-Gaussianized calibration. 652 

The latter method was not designed to induce shrinkage. 653 

For the glass data, Figure 12 shows the empirical cumulative distribution with 654 

compression for the uncalibrated log(Λ) values, and the cumulative distribution of the 655 

Gaussian-mixture model for the target perfectly calibrated bi-Gaussian system with 656 

𝜎 = 5.41. Due to the probability point mass at about −300 representing about 80% of 657 

different-source uncalibrated log(Λ), the empirical cumulative probability for the 658 

uncalibrated log(Λ) values starts at about 0.4. Figure 13 shows the mapping functions 659 

(both with and without compression) between uncalibrated log(Λ) values and 660 

calibrated ln(Λ) values. The mapping functions are monotonic but non-linear. Their 661 

overall shape is sigmoidal.  662 

 663 

 
14 Given a sample size of 320 and a uniform prior for the beta-binomial model (𝑎 = 𝑏 = 1), as 𝐸= → 0, 𝐸=

∗ → 1

322
 and 

𝜎∗ → 5.47. 
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Figure 12. Empirical cumulative distribution with compression for uncalibrated log(Λ) values from 664 

glass data, and the cumulative distribution of the Gaussian-mixture model for the target perfectly 665 

calibrated bi-Gaussian system with 𝜎 = 5.41.  666 
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Figure 13. Mapping functions (both with and without compression) between uncalibrated log(Λ) 668 

values from glass data and calibrated ln(Λ) values corresponding to a perfectly calibrated bi-Gaussian 669 

system with 𝜎 = 5.41.  670 
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regression calibration is very far from the target perfectly-calibrated bi-Gaussian 680 

system. Using ISJ-KDE-β bi-Gaussianized calibration with compression, the calibrated 681 

likelihood ratio at the point mass was 1/21,057. If this were the value returned in the 682 

context of casework, one could report that the evidence is at least 21,057 times more 683 

likely if the different-source hypothesis were true than if the same-source hypothesis 684 

were true (or, depending on context, use a rounded version of that number). 685 

For the ISJ-KDE-β bi-Gaussianized-calibration method, 𝐶llr  was 0.007 with 686 

compression and 0.007 without compression. For logistic-regression calibration, 𝐶llr 687 

was 0.006.  688 

 689 
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Figure 14. For the glass data, probability-density plots (a) and Tippett plots (b) for the output of bi-690 

Gaussianized calibration (ISJ-KDE-β method with compression), for the target perfectly-calibrated 691 

bi-Gaussian system (with 𝜎 = 5.41), and for the output of logistic-regression calibration. The x-axes 692 

for panels (a) and (b) are the same, but they are labelled using different logarithmic bases. 693 
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One may question whether likelihood ratios of the magnitudes output by ISJ-KDE-β 696 

bi-Gaussianized calibration (see Figure 11 and Figure 14) can be justified using the 697 

small sample sizes provided by the real data (61 and 320 sources, see §2.9.2 and §2.9.3 698 

above). Parametric statistical models are based on assumptions about the distributions 699 

of the data. Stronger assumptions about distributions allow one to draw stronger 700 

inferences using less data. To be able to draw equally strong inferences using weaker 701 

assumptions, one would need to use more data. We argue that what allows us to justify 702 

the magnitudes of likelihood ratios calculated using bi-Gaussianized calibration is the 703 

assumption that calibrated ln(Λ) should be distributed as perfectly calibrated bi-704 

Gaussian systems.  705 

Given the assumption that calibrated ln(Λ) should be distributed as perfectly calibrated 706 

bi-Gaussian systems, the question of whether the calibrated likelihood-ratio values can 707 

be justified given the sample size can be reconceptualized as whether the sample size 708 

(the number of sources used to generate the training data, 𝑛𝕊) is sufficient to justify 709 

the 𝐸=
∗  value (see §2.6 above and the discussion about desirable properties in §3.1 710 

above). If one is satisfied that the sample size is sufficient to justify the 𝐸=
∗  value, and 711 

if one accepts the distributional assumption, then the minimum and maximum possible 712 

likelihood-ratio values are the most extreme values that, for the training data, occur on 713 

the tails of the distributions that are determined by that 𝐸=
∗  value.  714 

If one were more skeptical as to whether the 𝐸=
∗  value could be supported by the 715 

sample size, one could use a stronger prior belief than that represented by a uniform 716 

prior, i.e., one could use larger prior hyperparameter values than 𝑎 = 𝑏 = 1. These 717 

would represent a stronger prior belief that 𝐸= is 0.5. If 𝐸= were 0.5, 𝜎 would be 0, 718 

and all the log-likelihood-ratio values would be 0 (all the likelihood-ratio values would 719 

be 1). If one believed, for example, that the smallest 𝐸=
∗  that could be supported by a 720 
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sample size of 100 is 5%, one would set 𝑎 = 𝑏 =
5

0.9
= 5. 5̇ , see Equation (9).16 721 

Similarly, if one believed, for example, that the smallest 𝐸=
∗  that could be supported 722 

by a sample size of 200 is 2.5%, one would set 𝑎 = 𝑏 =
5

0.95
≈ 5.26.17  723 

(9) 𝐸=
∗ =

𝑛𝕊𝐸=+𝑎

𝑛𝕊+𝑎+𝑏
 724 

𝑎 = 𝑏, 𝐸= → 0  725 

⇒ 𝐸=
∗ =

𝑎

𝑛𝕊+2𝑎
  726 

⇒ 𝑎 =
𝐸=

∗ 𝑛s

1−2𝐸=
∗
  727 

𝐸=
∗ = 0.05, 𝑛𝕊 = 100 728 

⇒ 𝑎 =
0.05×100

1−2×0.05
=

5

0.9
= 5. 5̇  729 

If one still had concerns about the magnitudes of the calibrated ln(Λ), one could further 730 

reduce them by applying compression and by increasing the value of the compression 731 

factor, 𝛾  (see §2.7 above), or one could apply bounding methods such as those 732 

proposed in Vergeer et al. (2016) and Alberink et al. (2026), see Appendix B. 733 

4. Conclusion 734 

Morrison (2024) introduced bi-Gaussianized calibration, a calibration method that 735 

monotonically maps the distribution of uncalibrated log likelihood ratios (log(Λ)) 736 

toward the distribution of a perfectly calibrated bi-Gaussian system. A necessary step 737 

in bi-Gaussianized calibration is to determine the 𝜎  value for the target perfectly 738 

 
16  𝐸=

∗ = 0.05  with 𝑛𝕊 = 100  and 𝑛s + 𝑛d = 5050  corresponds to 𝜎∗ = 3.29 , 𝐶llr
∗ = 0.184 , and a theoretical 

maximum calibrated likelihood-ratio value of 13,934,208 without compression and 192,398 with compression at 𝛾 = 1. 

17 𝐸=
∗ = 0.025  with 𝑛𝕊 = 200 and 𝑛s + 𝑛d = 20,100 corresponds to 𝜎∗ = 3.92, 𝐶llr

∗ = 0.095, and a theoretical 

maximum calibrated likelihood-ratio value of 4,677,981,747 without compression and 19,816,664 with compression at 

𝛾 = 1. 
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calibrated bi-Gaussian system. The methods used to determine target 𝜎  values in 739 

Morrison (2024) suffered from several weaknesses: susceptibility to sampling 740 

variability, discretization, curve-fitting approximation, and positive bias. The current 741 

paper presented new methods that overcame those problems. One of those methods 742 

used a beta-binomial model with uniform priors to recalculate 𝐸=  (we use 𝐸=
∗  to 743 

represent the recalculated 𝐸= ) and then calculated the target 𝜎∗  for the perfectly 744 

calibrated bi-Gaussian system from 𝐸=
∗ . As the sample size decreases, and/or as the 745 

degree of separation between the same-source and different-source distributions 746 

increases, 𝐸=
∗  increases relative to 𝐸= , hence, 𝜎∗  decreases and the bi-Gaussian-747 

calibrated likelihood ratios shrink toward the neutral value of 1. This method has the 748 

desirable effect of reducing the probability of overstating the strength of evidence. In 749 

addition, this method allows us to conceptualize justification of the minimum and 750 

maximum values obtained for calibrated likelihood ratios in terms of whether the 751 

sample size for the training data (the number of sources in the training data) is large 752 

enough to support the error rate 𝐸=
∗ . In addition to shrinkage induced by the beta-753 

binomial method, we introduced a bi-Gaussianized-calibration-integral compression 754 

method that, based on sample size, further compresses the calibrated likelihood-ratio 755 

values (including the minimum and maximum calibrated likelihood-ratio values) 756 

toward the neutral value of 1.  757 

Appendix A: Comparison with traditional KDE calibration 758 

In this appendix, we compare the uncalibrated-log(Λ)-to-calibrated-ln(Λ) mapping 759 

function for traditional KDE calibration with the uncalibrated-log(Λ)-to-calibrated-760 

ln(Λ) mapping function for ISJ-KDE-β bi-Gaussianized calibration with compression. 761 

We used both the ISJ method and Silverman’s Gaussian-approximation (SGA) method 762 

to select the bandwidths for traditional KDE calibration. Figure 15 and Figure 16 show 763 

the mapping functions for the voice data and the glass data, respectively. For both 764 

datasets, the KDE-calibration mapping functions are non-monotonic and have major 765 

deviations from the bi-Gaussianized-calibration mapping functions. In the case of the 766 
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glass data, using the ISJ method to select the KDE bandwidths resulted in the mapping 767 

function having sudden and extreme deviations. In addition, over much of the range of 768 

the input data, this KDE mapping function output calibrated values of minus or plus 769 

infinity. We think that these results provide sufficient reason to not use traditional KDE 770 

calibration; hence, we did not proceed to attempt to perform cross-validated calibration 771 

on the real data using traditional KDE calibration. 772 

 773 

Figure 15. For the forensic-voice-comparison data, mapping functions between uncalibrated log(Λ) 774 

values and ln(Λ) values calibrated using ISJ-KDE-β bi-Gaussianized calibration with compression 775 

and using traditional KDE calibration with bandwidth selected using the ISJ method and the SGA 776 

method.  777 

 778 
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Figure 16.  For the glass data, mapping functions between uncalibrated log(Λ) values and ln(Λ) 780 

values calibrated using ISJ-KDE-β bi-Gaussianized calibration with compression and using 781 

traditional KDE calibration with bandwidth selected using the ISJ method and the SGA method.  782 

 783 

Appendix B: Comparison with bounding methods 784 

Vergeer et al. (2016) and Alberink et al. (2026) proposed methods for bounding the 785 

minimum and maximum values of reported likelihood ratios (hereinafter we will refer 786 

to these as “bounding methods”). The bounding method proposed in Vergeer et al. 787 

(2016) is called “empirical lower and upper bounds (ELUB)”. It makes use of 788 

normalized Bayes-error rate combined with the addition of misleading likelihood ratios. 789 

The bounding method proposed in Alberink et al. (2026) is not named therein. It makes 790 

use of tail probabilities and beta-binomial models with Jeffreys’ reference priors or 791 

with uniform priors. For both the bounding methods, log(Λ) values that are outside the 792 

bounds are replaced with the value of the nearest bound, and log(Λ) values that are 793 

within the bounds are unchanged.  794 

Table 4 gives the minimum and maximum calculated likelihood ratio values using ISJ-795 
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minimum and maximum values resulting from applying the bounding methods to the 797 

likelihood ratios calculated using ISJ-KDE-β bi-Gaussianized calibration without 798 

compression. 799 

Table 4. For the voice data and the glass data, minimum and maximum likelihood-ratio values 800 

calculated using ISJ-KDE-β bi-Gaussianized calibration, both with and without compression, and the 801 

minimum and maximum values resulting from applying the Vergeer et al. (2016) and Alberink et al. 802 

(2026) bounding methods to the output of ISJ-KDE-β bi-Gaussianized calibration without 803 

compression.  804 

Compression /  

Bounding method 

Voice data Glass data 

minimum maximum minimum maximum 

bi-Gauss  

without compression 
1/10,289,300 10,152,703 1/21,569* 3.94×1015 

bi-Gauss 

with compression 
1/70,336 48,867 1/21,057* 1.55×1012 

Vergeer et al. (2016) 

ELUB 
1/37 1,253 1/305 38,973 

Alberink et al. (2026) 

Jeffreys’ prior 
1/47 593 1/599 27,803 

Alberink et al. (2026) 

uniform prior 
1/37 480 1/306 14,876 

* value at probability point mass 

 805 

For bi-Gaussianized calibration, the bounds are the minimum and maximum 806 

likelihood-ratio values obtained for the training data. Compression moves these bounds 807 

closer to ln(Λ) = 0, but, even after compression, these bounds are much further from 808 

log(Λ) = 0 than are the bounds resulting from applying the bounding methods.  809 

Whereas bi-Gaussianized calibration makes parametric assumptions, the bounding 810 

methods do not. Bi-Gaussianized calibration assumes that the distribution of calibrated 811 

ln(Λ) values correspond to the Gaussian mixture of a perfectly-calibrated bi-Gaussian 812 

system. Based on this assumption, bi-Gaussianized calibration allows for minimum 813 
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and maximum calibrated ln(Λ) values that are much further from the neutral value of 814 

0 than is the case for the bounding methods.  815 

If one were concerned that the parametric assumption for bi-Gaussianized calibration 816 

leads to calibrated ln(Λ) values that are too far from the neutral value of 0, one could 817 

apply the beta-binomial method with larger values for the prior hyperparameters (see 818 

§3.2.4 above), and/or one could apply the compression method with a larger 819 

compression factor (see §2.7 above).  820 

Unlike for the bounding methods, that do not alter log(Λ) values that are within the 821 

bounds, in addition to limiting the minimum and maximum values, applying bi-822 

Gaussianized calibration with the beta-binomial method and/or with the compression 823 

method shrinks/compresses calibrated ln(Λ) values that are within the bounds. 824 
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